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ABSTRACT

This thesis deals with a simulation of a missile versus target engagement

scenario. After deriving simplified transfer functions for the missile seeker

head, missile autopilot, missile dynamics, and target dynamics, a three

dimensioial simulation is developed using classical proportional navigation. The

scenario is simulated using state variable design. A forward time solution of the

two dimensional problem is developed which is converted to an adjoint model.

The adjoint model is used to determine the optirmal time to initiate simplified and

tactical evasion maneuvers in order to maximize the final miss distance.
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THESIS DISCLAIMER

The reader is cautioned that computer programs developed in this

research may not have been exercised for all cases of interest. While every

effort has been made, within the time available, to ensure that the programs are

free of computational and logical errors, they cannot be considered validated.

Any application of these programs without additional verification is at the risk of

the user.,
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I. INTRODUCTION

Since the early years of the Vietnam War the surface-to-air missile has

become the largest threat to combat aviators. During the emergent age of low

intensity conflicts, a goal of zero percent aircraft losses must remain a high

priority to strike planners and decision makers. In order to minimize losses to

enemy antiair weapon systems, in particular surface-to-air missiles, these

systems must be generally understood and tactics necessary to defeat these

missiles must be investigated.

Aircraft combat survivability is defined as "the capability of an aircraft to

avoid and/or withstand a man-made hostile environment." [Ref. 1] Figure 1

displays the basic aircraft survivability relationships. The probability of an

aircraft being hit by antiair weapons is ,ermed PH which is referred to as the

susceptibility of the aircraft. Susceptibility is calculated by the product

PH =PA' PDrr" PLGD (.i

where

PA = probability the threat is active and ready to engage the

aircraft.

PIrr = probability the aircraft is detected, identified, an tiacked.

PW = probabiity the threat is launched, guided and ei er hits the
aircraft or detonates close enough to cause a hi

The vulnerability of an aircraft is definei as the inability to wtthstand the

damage caused by a hostile environment. It can be nmeasured by PjQH which is

the probability of an aircraft kill given it is hit by hostile fire. This leads to the

relationship

probability of kill susceptibility-vulnerability, (1.2)



Threat
AcUfy 1

PA

detifcation Stsceptibility
d i PH=PA PW', "PLD

Tracking
PDrr

Launch
Guidance
Detonation Vulnerability

PBL

SAircraft
S Hit

SPK/IH

KiM- Survival

P& - PH "PYJH A$ -1 -?k

Figure 1. Aircraft Survivability 'Diagram

or in ether words,

]Pk- PH " PkH. (1.3)

It is obvious then that the probability of survival is

PS=I-P. [Ref. 11 (1.4)

Therefcme, in order to increase the survivability of an aircraft, the probability

of kill must be reduced. One way that this can be achieved is by decreasing

PLOD. The probability that a missile is successfully guided and .,ither hits an

aircraft or detonates close enough to hit it, can be reduced by degrading the

2



guidance and control system of the missile. The employment of high

acceleration turns and random maneuvers are examples of methods that czn be

useL

This research develops a missile!target simulation progr,.rm using

classical proportional !iavigation. A three dimensional model is produced

ass-rming a dual gimbal axis seeker head. Chapter II introduces the idea of

proportional navigation and the actual guidance law is devel,.ped. In Chapter

EIl the transfer functions for the individual missile subsystems are determined.

The specifics of the computer simulation geometry are discussed leading to the

actual relationships used in the program. Additional!y, a tw•c dimensional

forward time model is developed which is converted to an adjoint model. The

adjoint model is a useful tool for analyzing time varying systems. It is used in

this thesis to determine ontimal miss distance parameters. Chapter TV consists

of actual simulation results. Two typical sccnarios are conducted to show the

capabilities of the program against various target maneuvers. The adjoint

model is then used to determine an optimal time to initiate various evasion

maneuvers. Conclusions and recommendations follow in Chapter V.

All computer simulations are developed and conducted using the Matrix

Laboratory (MATLAB) and the three dimensional plots are generated using

the'Display Integrated Software Syste" and Plotting Laaguage (DISSPLA).

3



II. BASIC PROPORTIONAL NAVIGATION

A. GENERAL

Proportional navigation is the basic guidance law used in the majority of the

threat missiles in operational use today. This method of guidance generates

missile acceleration commands proportional to the line of 'sight (LOS) rate.

Figure 2 shows the basic parameters and geometry associated with the two

dimensional missile/target engagement problem and the parameters are defined

below:

Vt = :arget velocity.

Vm = missile velocity.

y = target flight path angle.

ym = missile flight path angle.

R = missile to target range.

Rt = target range.

Rm = missile range.

af = line of sight angle.

ah = target line of sight angle.

am = missile line of sight angle.

B. CONSTANT BEARING COURSE

A constant bearing course is one where the line of sight between the

target and the missile maintains a constant orientation in space. As a result,

progressive lines of sight remain parallel to each other as the engagement

procedes. Similarly, the line of sight angle, 0, remains constant. Figure 3

4



iZ

Vt t
Target

R " v Rtm)

Rfede '

Figure 2. Missile/Target Geometry

"depicts the constant bearing course idea. As long as there is a positive closing

"velocity between the missile and the target, the constant bearing course

concept will ensure an intercept. Proportional navigation uses the constant

bearing course idea by driving the line of sight rate, 6, to zero. [Ref. 21

5



R - Collision
0~ Point

.Indicates

Figure 3. Constant Bearing Course

C., PROPORTIONAL NAVIGATION SCHEME

Figure 4 depicts the basic proportional navigation scheme. Assuming that

the seeker head of the missile follows the, target, the transverse acceleration.
perpndiula totheliz, o siht ill equal the acceleration of the R vector in

that direction.' Mathematically, the accele.-ation of R is

AltR+ co x )x R)i1,+(2o) xitx R +(bx Ryi. '(2.1),

where

R = missile/target line of sight vector.

6



R = closing rate along R.

R = acceleration along R.

=O angular rate of change of R in inertial
space.

Am = missile acceleration perpendicular to i..

At target accelerat:-on perpendicular to R.

AR = overall acceleration of R.

At this point, a missile acceleration, Am, equal to the target acceleration, At, will

make the line of sight parallel to its original direction. As long as R remains

Target

CM

Missile
Figure C. Vectorial Proportional Navigation Scheme
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along R (w=O) a missile/target impact is assured. So, the transverse

acceleration command is

At-Am =CxR+2(WoX×). (2.2)

Assuming the line of sight rate is equal to the angular rate of change of R in

inertial space, equation (2.2) now becomes

At -Am = Ra + 2Rd. (2.3)

D. PROPORTIONAL NAVIGATION GUIDANCE LAW

In the classical proportional navigation scheme, the missile course is one in

which the rate of change of the missile heading is directly proportional to the

rate of rotation of the line of sight vector from the missile to the target. As a

result, this course change is intended to counteract the rotation of the line of

sight, thus returning to a constant bearing course. The movement of the missile

and target cause the line of sight to rotate resulting in a differential displacement

between the missile and the targe. perpendicular to the range line. Figure 5

depicts this geometry. [Ref. 3] The proportional navigation guidance law

attempts to generate an celeration command, Ac, perpendicular to the line of

sight.

Assume a gyro sta seeker head. If there is no torque applied to the

gyro, the seeker will not rotate. Assuming the seeker tacks the target, the

gyro angle will follow the line of sight. Applying the equation of motion for a

gyro stabilized seeker

L = Ial (2.4)

where

applied torque.

S - spin angular velocity.

~8



"Vt Target

Vertical DisplacementV "
Missile

Figure 5. Missile, Acceleration Orientation

I = moment of inertia of the gyroscope.

= rate of precession of the gyroscope.

Applying this to the case when the seeker head tracks the target, Ql is then

replaced by the rate at which the gyro is torqued in space. This is simply 6

which is the line of sight rate. [Ref. 4] Thus, equation (2.4) becomes

L = 10a6. (2.5)

"This torque is in turn applied to the control surface of the missile leading to

the relationship

Am = kl=kUo (2.6)

where k is a constant of proportionality. Referring to Figure 6, a relationship is

detrmined for Am in terms of the rate of change of the missile flight path angle,

i=. Given the missile velocity vector at some point in time, Vm(t), and suppose

the missile undergoes an acceleration, Am, during an interval of time, dt. The-

velocity vector is then displaced and is represented by the vector Vm (t+dt).

The angle the vector is :raversed is simply dTm, the differential missile flight

9
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Vm (t) Vm (t+dt)

dfm

Figure 6. Missile Acceleration Relationship

path angle. [Ref. 4) For small angles (which are guaranteed by making dt

small) the following relationship is obvious

Amdt- Vu"dym. (2.7)

Dividing equation (2.7) by the time interval, dt, the missile acceleration is

defined as

Am .IVm-t d V3 7 *. (2.8)

Com& . .uations (2.6) and (2.8)

Vmt 3 = kIox. (2.9).

Dividing through by V., the proportional navigation guidance law becomes

T (k}l ' (2.10)

10



or

itm -Na. (2.11)

Equation (2.11) represents the classical proportional navigation equation where

Tm f rate of change of the missile heading.

7 - rate of change of the line of sight.

N = proportional navigation ratio.

The navigation ratio determines the sensitivity of the missile system. A high

navigation ratio will lead to rather high gains resulting in large missile

commands for small changes in the line of sight rate. On the other hand, small

values for N will lead to small missile commands for a given 6. Larger

navigation ratios are preferred for head on engagements and smaller ones are

preferred for tail chase cases. For this research the navigation ratio between

three and five was chosen [Ref. 4].

r1



III. SIMULATION DEVELOPMENT

A. INTRODUCTION

The development of the actual seeker head and autopilot transfer functions

is discussed. Ideal missile and target trajectory equations are used and the

state equations for these systems are generated. Basic geometric relationships

are used to develop the missile and target proportional navigation equations.

Once these equations are determined for the two dimensional problem, the state

equations are then augmented to a three dimensional problem. The continuous

state equations for the seeker head, autopilot, missile kinematics, and target

kinematics are converted to equations appropriate for digital simulation.

Finally, the two dimensionai forward time model is developed and converted to

an adjoint model.

B. MISSILE SUBSYSTEM DEVELOPMENT

1. Subsystem Layout

A basic functional block diagram of a generic tactical missile system is

shown in Figure 7. Although the exact configuration and description of each

component depends on many different faciors, an attempt will be made to

develop a basic system sufficient for simplified simulation. Figure 8 shows the

typical physical location of the various missile subsystems.

2. Seeker Head Development

The seeker head can simply be thought of as the eye of the missile. It

is able to detect, acquire, and track a target by sensing some unique

12



Figure 7. Missile Subsystem Block Diagram

characteristic of the target itself. This usually consists of the radiation or

reflection of energy by the target.

A seeker with, a narrow field of view will be used. Figure 9 shows a

basic gimballed seeker head configuration. Here, the actual seeker is mounted

on a gimballed platform and it maintains the target within the field of view by

-otating the platform. The inertial rotation rate of the line of sight provides the

missile with the required tracking information. [Ref. 5]

Figure 10 displays a diagram for an actual seeker head where

S = seeker head gimbal angle.

The control torque to the seeker results in the following equation of motion

T=IP (3.1)

where

T = applied torque.

I = moment of inertia.

S = angular acceoleration.

13



walaw

I-.N

Figure' S. Basic Missile Layout

Solving for

.=-k~j3-k 1J3+k 1 7. (3.3)

The constants k1 and k2 are determined by the time constant of the seeker head

system.

14
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GimbalAngle
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00 Aperture

N,•. LiUne of Sight Rate

Field of
View

Vt

Target

Figure. 9. Gimballed Seeker Configuration

Now taking the Laplace Transform of equation (3.3) and assuming

zero initial conditions

Z{ }=C{" k2;- kj+ kic} (3.4)

, 15



Tcrque

/

Reference

Missile

Figure 10. Seeker Head Angle Definitions

s%(s) = -k 2s((s)- k•(s) + kjo(s), (3.5)

s2p(s) + k2 sO(s) + kjB(s) = klo(s). (3.6)

Finally, the ransfer functior becones

P(S) kI k(
G(s) s + k2s + k(3

For this simulation the time constant of the seeker head, Tb, was

chosen to be 0.1 second which is a good approximation of a real world system.

From equation (3.7) the constants ki and k2 are defined in terms of this time

constant where

k, (I /•,. )2 =00, (3.8)

k2 =2 2(I1sh6 20. (3.9)

16



Figure 11 depicts the signal flow graph of the seeker head system.

From this diagram the continuous time state equation of the form

ish = Axsh +Bush (3.10)

is easily determined. Selecting the state vector to be

xs =X (3.11)

and the input us = c, equation (3.10) becomes

0
is[, Jx\ + (3.12)

-20

Figure 11. Seeker Head Signal Flow Graph

3. Guidance and Autopilot Development

The guidance law within the missile system determines the best

trajectory for the missile based on the missile position, target position, missile

capability and the desired objectives. A command is sent to the autopilot which

determines the control (i.e., actuator position and thrust) necessary to perform

such a command. In the proportional navigation guidance law, the missile

command. are generated in order to change the missile flight path rate

proportionally to the mimile to target line of sight rate.

17



In this simulation a very simplified autopilot will be used. Referring to

Figure 12, the transfer function is easily developed. The angle of attack of the

missile is assumed to be zero, so the vlocity ý,f the missile will be aligned with

the missile center line at an angle, ym. Applying a torque to the missile about

the center of gravity results in ti following equation of motion

TeM Icgi? (3.13)

where

T = commanded torque.

c = moment of inertia about the
center of gravity.

= angular acceleration of the
missile flight patI.

Center ofGr-.dVi VM

Torque ,

Center of
Pressure

Figure 12. Basic Missile Layout

18



Solving for ',

I• - o=-it•,M + kNO (3.14)
Icg

where k is determined by the slowest time constant of the missile/autopilot.

Now taking the Laplace Transform of equation (3.14) and assuming

zero initial conditions

m }1 -{kLm + kN3} (3.15)

"S2ym (S) ksym (s)+ kNs5m (S) (3.16)

(S2 + ks)Tm (s) kNs3(s) . (3.17)

Finally, the transfer function becomes

/m (S) =kN --- (3.18)
P(s) s+k

where k is defined above. The autopilot time constant ,-,,was chosen to be 1.0

second, so

k =1 / Top = 1.0. (3.19)

Figure 13 shows the signal flow graph for the missile autopilot system.

From this diagram the continuous state equation is easily determined. Selecting

the, state vector to be

S(3.20)

"and the input usp=No, the state equation becomes

ip :[-l]xap+[l]u&,. (3.21)

19
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0 [• N 1 " Ts m 1/s Tm

- 1

Figure 13. Guidance Autopilot Signal Flow Graph

4. Missile and Target Dynamics

The signal flow graphs for the target and missile dynamics are shown

in Figure 14 where Am = Vmjm. At is selected independently. The state

vectors are

x= (3.22)

and

Xt (3.23)=Yt

With um = and ut = , the state equations become
Uty

20



VM v m i/s 'mi1/s• Yrm

Missile Dynamics

00A 1 Y Yt 1i/s Yt'

Target Dynamics

Figure 14. Missile and Target Dynamics

im4 0 0 x=]+ 0 (3.24)
0. o001 00

and

0 0 00 10it = 0 + 0 u (3.25)

LO 0 0 0J. LO I

5. Overall System Layout

Figure 15 shows the total system signal flow graph. The seeker head

angle rate, j0, is the estimate of the line of sight rate, a.

6. Three Dimensional State Definitions

Assuming that the missile is roll stabilized and. controllable in both pitch

and yaw, the state equations for the missile subsystems are extended.

21
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The seeker head state matrix now becomes

Xs itc (3.26).

, yaw

and the continuous state equation is obtained by simply augmenti,%, the two

dimensional problem.

The resulting equation becomes

-1 100 0
0 0 (3.27)

= 020 -100 -20J 0 I00

where um -

The autopilot state matrix now becomes

1~ (3.28)

and the continuous' state equation is again simply 'obtained from an

augmentation of the' two dimensional equation. The resulting equation for the

autopilot is

,[ -Xp+[0 1)Ulf (3.29)

230



where UN [ 0J*[%:tc].

For the missile and target dynamics equations the state equations are

simply augmented with vertical position and vertical velocity states.

These equations are

x

i

x- (3.30)
y
z

LZ

and the state variable dynamics become

"0 1 0 0 0 O" "0 0 O"0 00 0 0 0 1 0 0

0 0 0 1 0 0 0 0 0000000 0+ 1 (3.31)
0 00 001 0100
0 0 0 0 0 1 0 0 0

where u [uy , the force per unit mass acting on the missile or target.

24



C. MISSILE AND TARGET GEOMETRY

1. Velocity Relationships

Figure 16 shows the vectorial relationship of the missile and target

velocity. From this figure

VM Vmx2 +Vmy 2 + 2 (332)

and
V= - VF 2  + VtZ2 . (3.33

z1
aV.

Z

,V - -- - -

x

Figure 16. Velocity Relationship

2. Line of Sight Angles

In order to simulate the scenario in three dimensional space a line'of

sight angle in-pitch and yaw must be defined. Figure 17 depicts these angular

relationships. Given the target and missile position in Cartesian coordinates the

line of sight angles are defined as

apit .= tan'[(Zt-Z. q(xt xM)2+(yt-Ym)J2 (3.34)

25



z

(ze.yu..I) a ~ /i

Figure 17. Pitch and Yaw Line of Sight Angle Definitions

and

O,, = ta-'[(y,- y,,)/(x, i.)I. (3.35)

Figure 18 shows the target and missile line of sight angle definitions and these

angles are expressed mathematically as

OCm-l•th = tan-'[Zm/Xm2 + ym21, (3.36)

am_ym = tan'[ym / x=], '(3.37)

and

Ot_w tan-, [Yt /2xt (3.39)

S~26



z

xy

a y"

Figure 18. Target and Missile Line of Sight Angle Definitions

3. Flight Path Angles

The missile and target flight path angles are also defined in thrw

dimensions. Figure 19 depicts the geometric definitions. Mathematically,

z

x

Figure 19. Target and Missile Flight Path Angle Definitions

27



ym4pitch tanf v iy (3.40)

=f~y tan-, [V..y I V.] (3.41)

and

ypj = tanr [x +' VtY2] (3.42)

't_ymw = tan-' [Vty / V]. (3.43)

4. Velocity and Acceleration in the Pitch Plane

The missile is controlled in three dimensional space by generating

acceleration commands in two orthogonal planes. These planes are defined as

the pitch plane and the yaw plane. The yaw plane is taken as simply the

horizontal XY plane and the pitch plane is the orthogonal plane rotated by the

angle oyaw. Figure 20 depicts the geometric definition of the pitch plane. Given

mom ....

x

Figure 20. Pitch Plane Definition

28



the missile velocity, and the angles ayaw and Ym.vyaw, the velocity in the pitch

plane is

Vmp;h = Vm os( O _f y -,fya). (3.44)

From the basic relationship for the missile, acceleration the missile

pitch acceleration is defined as

Am_Pi3 h =M-Pich "3 m_pi*h- (3.45)

This acceleration vector is then broken down into Cartesian coordinate system

components. Assuming that the pitch acceleration vector is perpendicular to

the vertical line of sight vector between the missile and target, Figure 21 shows

the orientation of the acceleration components. From this figure the following

relationships are obtained

x._• =-(A._ sincr, )cos c., (3.46)

Ym.pid = -(A-,_. -sin api, ) sin a, (3.47)

Figure 21. Pitch Plane Acceleration Components
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and

im pimh Am-pimb -COS %ypimb. (3.48)

5. Velocity and A•cceleration in the Yaw Plane

The missile yaw plane is depicted in Figure 22. Given the missile

velocity and the angle ympw, the velocity in the yaw plane is simply

Vm~ym = V, -cos Ym_pi. (3.49)

z

'00

Yaw vmo

M "

V /"
Figure 22. Yaw Plane Dermitlon

Again, from the basic missile acceleration relationship, the missile yaw

acceleration is defined as

AM_"W= VI_.w Y.._6n.. (3..50)

The missile yaw acceleration components are depicted in Figure 23 ,and are

given mathematically as
m._.y-w sAm_•wsin oyw, (3.51)

and
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YM..eyaw = Amiyaw" COS ayaw. (3.52)

y
tot

yaw

AMn yaw my

aYa

II
Figure 23. Yaw Plane Acceleration Components

6. Total Missile Acceleration Components

The input to the missile state equation is the vector consisting of the

three Cartesian components of the overall missile acceleration vector. Given

the missile acceleration components in both the pitch and yaw planes, the total

missile acceleration components are

is inmlb + xiw, (3.53)

90= Y ._•,t + y..;yw, (3.54)

and'

=o zm...paic (3.55)

Finally, the total missile acceleration is

AmI = %in 2 . (3.56)

7. Target Acceleration Components

In this simulation the target acceleration components consist of the

three Cartesian components of the overall target acceleration vector. These

components are used as the input to the target kinematic equations. The input
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vector is determined by the type of target maneuver desired. The overall target

acceleration is simply

At = / 2+t+2. (3.57)

8. Closing Velocity and Time To Go

From equation (3.48) the velocity of the target in the pitch plane is

simply

V,_ih = V1 cos(y,_8 - ar). (3.58)

Now, the range rate, Rt, is found by simply projecting the missile and target

pitch plane velocities along the vertical line of sight from the missile to the

target. Mathematically

R = Vt_ .cos(_ - )- Vm t. cos( m. hc -op i). (3.59)

Knowing that the range rate is the negative of the Closing velocity, the time to

go is simply

R R
Time-to- go= 1  - V (3.60)

where R is the range from the missile to the target.

D. DIGITAL SIMULATION USING STATE SPACE METHOD

1. Discrete State Equation Definition

Given the continuous state equations

i (t) Ax(t) + Bu(t), (3.61)

y(t) =Cx(t) + Du(t), (3.62)

a more convenient form for digital simulation is

x(k + 1) =ox(k)+ F,(k),' (3.63)

y(k + 1) Cx(k)+ Du(k). (3.64)
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The discrete state matrices are defined as

0-=eA'DT =I+A.DT+(1/2!)A2.DT 2 +(l/3!)A3 .DT3 +..., (3.65)

F- [I.DT+(1/2!)A.DT2 +(1/3!)A 2 .DT 34+.,.]B, (3.66)

and for u(t) constant over [(k +1)-k].DT.

2. Missile Subsystem Discrete State Equations

The missile/target scenario is simulated digitally using the MATLAB

software package. A built in system function is used to convert the continuous

state equations to discrete time state equations. The discrete state equations

used in the simulation are defined as follows for the seeker head, autopilot,

missile dynamics and target dynamics respectively;,

Xsh(k + 1) = Oshxsh (k) + rshus (k), (3.67)

xap (k + 1) = 4pxap (k) + FpUp (k), (3.68)

xm (k + 1) Dmxm (k)+ rmum (k), (3.69)

and

xt (k + 1) 0txt (k)+ Ftut (k). (3.70)

E. FORWARD TIME AND ADJOINT MODEL

To accurately and simply assess miss distances for various target

maneuvers, a two dimensional adjoint model is used. First, a forward time

model is developed for the two dimensional missile/target engagement. Figure

24 shows the block diagram of the forward time model. All system inputs are

converted to impulses for subsequent conversion to the adjoint model.

The forward time mode is used to show the miss distance due to heading

error (where heading error is defined as the error in missile heading from a
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collision rourse) and the miss distance due to target maneuver. The missile to

target range is defined as

R = Vc .time- to- go (3.71)

where

time- to- go= Tfin - t., (3.72)

This model shows the miss distance throughout the course of the engagement.

The last value of miss distance is the miss distance at T&mai.

An adjoint model is used to analyze linear time varying systems [Ref. 6].

The major advantage of the adjoint technique is that the miss distance for all

final times is generated in one run rather than the multiple runs required when

using a Monte Carlo simulation. Following the rules for adjoint construction

[Ref. 6], Figure 24 is converted to the adjoint model depicted in Figure 25.
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Figure 24. Forward Time Model
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Figure 25. Adjoint Model
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IV. SIMULATION RESULTS

A. OVERVIEW

This section presents the results of the computer simulations. The scenario

is conducted for several different initial conditions and with several different

target maneuvers. The following assumptions are made throughout:

1. The missile is limited to 20 g's in either plane.

2. The acceleration due to gravity is ignored.

3. The target is capable of instantaneous acceleration.

4. The target is limited to a maximum of 8.0 g's.

5. The maximum missile speed is 3000 feet per second.

6. The maximum target speed is 1500 feet per second.

7. The proportional navigation constant is 4.

& The missile is pointed toward the target at launch.

B. THREE. DIMENSIONAL ENGAGEMENTS AGAINST

VARIOUS TARGET MANEUVERS

1. Scenario 1: A Constant Velocity Target

The simulation is initially conducted with the missile engaging a

constant velocity target. Figure 26 dericts the scenario geometry. The initial

conditions are

xm(O) =0 feet

ym(0) =0 feet

zm(0) = o feet

vmx(0) = 3000ofps
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Point

mm

, 5NMm

Vi

Figure 26. Constant Velocity Target Scenario Geometry

vmy(O) = 0 fps

vmz(0) = o fps
xt(0) = 30000 feet

yt(O) = 0 fact

zt(O) = 500 feet

vtx(O) =0 f

vty(O) = 1000 fps

vtz(o) =ofps.

Figure 27 depicts the scenario that reflects these initial conditions.

In this case, the aircraft is attempting to stay on the outer edge of the missile

envelope.
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V. 1000 fp

Di

Sam Sib #1

Target Path

Figure 27. Tactical Scenario for Constant Velocity Target

2. Scenario 2: A Constant Acceleration Target

Ia this scenario, the target is accelerates at a constant rate of 15

feet/sec/sec in the y direction. Figure 28 shows the scenario geomety. The

initial conditions are

xm(0) = Ofeet

ym(O) = 21000 feet

zir.M.) = 0 feet

vmx(O) = 2100 fps

vmy(O) = -2100 fps

vmz(O) =Ofps

xt(O) = 21000 feet

yt(O) = 0feet

zt(O) = 500 feet
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Figure 28. Constant Acceleration Target Scenario Geometry

vtx(O) = 0 fps

vty(O) = 1ooofps

vtz(O) = 0fps.

xddt(O) = 0 fl2

yddt(O) = 15 f032

zddt(O) = Ofps2

Id(O) = -45.

Figure 29 depicts the scenario that reflects these icitiai conditions. In

this case there is overlapping missile envelope coverage and the aircraft is

attempting to strike a target located within this region. The missile is launched

when the target enters the 5NM radius.
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Figure 29. Tactical Scenario for Constant Acceleration Target

3.' Scenario 3: A Two Dimensional Target Acceleration

Figures 26 and 27 depict the initial conditions for this scenario. The

target performs a 6.5 g level turn toward the missile at a range of 12,000 feet.

The target acceleration is
i= -6.5.32.2 -sin(Tl,:) (4.1)

•:=6.5 -32.2.cos(Y,_yaw) (4.2)

S=0.0. (4.3)
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4. Scenario 4: A Three Dimensional Target Acceleration

Figures 28 and 29 depict the initial conditions for this scenario. The

target performs a three dimensional maneuver toward the missile and. into the

v-rtical at a range of 12,000 feet. The target acceleration is

it = -6.5" 32.2" sin(¥tyaw) (4.4)

t = 6.5"32.2"cos(ytLyaw) (4.5)

i = 6.5.32.2. cos(yt-,pich ) 46

5. Three Dimensional Simulation Results

Figures 30-75 display the results of the three dimensional simulations.

Figures 30-40 relate to the constant velocity target scenario. Figures 41-52

relate to the constant acceleration scenario. Figures 53-64 relate to the two

dimensional target acceleration scenario. Figures 65-75 relate to the three

dimensional target acceleration scenario.
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Figure 30. Scenario 1: Missile to Target Range
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Figure 31, Scenario 1: Missile Acceleration IAmI
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Figure 32. Scenario 1: Missile Pitch Flight Path Angle To-Pc
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Figure 33. Scenario 1: Missile Pitch Flight Path Angle Rate tn~pitcb
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Figure 34. Scenario 1: Missile Yaw Flight Path Angle yfm.3s
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Figure 35.. Scenario 1: Missile Yaw Flight Path Angle RateIn-a
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Figure 36. Scenario 1: Seeker Head Pitch Angle ppibt
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Figure 37. Scenario 1: Seeker Head Pitch Angle Rate Opitcb
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F*,gure 38. Scenario 1: Seeker Head Yaw Angle Pyaw
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Figure 39. Scenario 1! Seeker Head Yaw Angle Rate Oa
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Figure 40 Scenario 1: Three Dimensional Plot
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Figure 41. Scenario 2: Missile to Target Range
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Figure 42. Scenario 2: Target Velocity Vt
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Figure 43. Scenario 2: Missile Acceleration IAi
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Figure 44. Scenario 2: Missile Pitch Flight Path Angle Ym pitch
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Figure 45. Scenario 2: Missile Yawc Flight Path Angle Rae W
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Figure 48. Scenario 2: M seeker YwFihea Pitch Angle Rateb
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Figure 49. Scenario 2: Seeker Head Pitch Angle Rate kc
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Figure 51. Scenario 2: Seeker Head Yaw Angle Rate y
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Figure 53. Scenario 3: Missile to Target Range
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Figure 54. Scenario 3: Missile Acceleration IA.I
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Figure 55. Scenario 3: Target Acceleration lAti
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Figure 56. Scenario 3: Missile Pitch Flight Path Angle 1. pth
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Figure 61. Scenario 3: Seeker, Head Pitch Angle Rate
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Figure 65. Scenario 4: Missile to Target Range
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Figure 66. Scenario 4: Missile Acceleration IAw1
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Figure 67. 'Scenario 4: Missile Pitch Flight Path Angle ym~pitcj
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Figure 69. Scenario 4:- Missile Yaw Flight Path Angle fm.2
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Figure 70. Scenario 4: Missile Yaw Flight Path Angle Rate
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C. MISS DISTANCE ASSESSMENT

A two dimensional adjoint model is used to investigate the missile to target

miss distance due to a variety of evasion maneuvers. The optimal time to

initiate these maneuvers is determined.

Three maneuvers are used:

1. Step Target Acceleration.

2. Barrel Roll.

3. Split 'S'.

Additional variables are

V= closing velocity.

S = target acceleration magnitude.

VmHE = missile velocity due to heading
error.

(= maneuver frequency.

L = half period of Split 'S'.

The following initial conditions are constant throughout all simulations:

N = 4.0.

-f 6.0 seconds.

VC 2500 feet per second.

VMHE 0.0 feet per second.

= l .Osecond.

= 0.1 second.

1. Step Target Acceleration

The step acceleration is simulated by multiplying a step input signal by

the magnitude of the target acceleration, rt. Target acceleration." of 1.0, 6.0,

and 8.0 g's are simulated.
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2. Barrel Roll

A two dimensional Barrel Roll maneuver can be represented by a

sinusoid of frequency w1t. A shaping filter is used to simulate the maneuver.

[Ref. 7] Figure 76 depicts a typical Barrel Roll maneuver and Figure 77 shows

the shaping filter equivalent where cot equals 1.0 radian/second. The filter is

converted to a block diagram which is simulated using state variable design.

The block diagram is shown in, Figure 78. A 4.0 and 6.0 g Barrel Roll maneuver

are simulated.

BARREL ROLL
EASY 360- ROLL

OUTBOUND HEADING

[ INBOUND HEADING
Figure 76., Typical Barrel Roll Maneuver
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us, , t Y't
1 + s 2 1• t02

- Yt

us White Noise With Power
Spectral Density q%(t)

qs(t) = l1t 2 /Tf 0 <5t<Tf

"- 0, otherwise

Figure 77. Shaping Filter Equivalent of a Barrel Roll

.tit2

Figure 78. Barrel Roll Block Diagram

3.Split S'

A two dimensiond Split 'T' maneuver is represented by a periodic

square wave with period 2L. A shaping filer is also used to simulate the

maneuver. [Ref. 7] Figure 79 depicts a typical Split 'S' maneuver and Figure

80 shows the shaping filter equivalent where L equals 1.0 second. Th: block

diagram of this f'dter is shown in Figure 81. A 4.0 and 6.0 g Split 'S' maneuver

are simulated.
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4. Forward Time and Adjoint Model Simulation Results

Figures 82-95 show the results of the forward time and adjoint model

simulations. Figures 82-87 show the results of the step acceleration maneuver.

Figures 88-91 show the results of the Barrel Roll evasion maneuver. Figures

92-95 show the results of the Split 'S' evasion maneuver.

SPLIT 'S'

ROLL INVERTED

Figure 79. Typical Split 'S' Maneuver
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Figure 82. Forward Time, 1 g Step Acceleration
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Figure 83. Adjoint, 1 g Step Acceleration
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Figure 84. Forward Time, 6 g Step Acceleration
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Figure 85. Adjoint, 6 g Step Acceleration
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Figure 90. Forward Time, 6 g Barrel Roll
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Figure 91. Adjoint, 6 g Barrel Roll
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Figure 93. Ad oint, 4 g Split '5'
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V. CONCLUSIONS AND RECOMMENDATIONS

A. CONCLUSIONS

Clearly, the classical proportional navigation model of the missile guidance

and control system is sufficient for simple trajectory study. The use of the

seeker head angle rate, 0, as the estimate of the actual line of sight rate, 6,

gives accurate enough information for target tracking in a benign environment.

The three dimensional model of the missile tracks a maneuvering target in one,

two, or three dimensions with enough accuracy to cause an aircraft kill. A

navigation ratio of 4.0 generates sufficient missile acceleration commands for

the simplified scenarios studied.

The adjoint model proves to be a very useful indicator of miss distance

properties. With the s~ep acceleration evasion maneuver, the optimal time to

initiate it is about 2.0 seconds, or 5000 feet (closing velocity is 2500 feet per

second), prior to missile impact. The miss distance increases as the target's g

loading increases. The maximum miss distance of 140 feet is achieved with an

8.0 g maneuver.

With the Barrel Roll maneuver, the optimal time to initiate it is about 3.5

seconds, or 8750 feet, prior to missile impact. The miss distance again

increases with increased target g loading. The maximum miss distance of 5000

feet is achieved with a 6.0 g maneuver.

With the Split 'S' maneuver, the optimal time to initiate it is about 1.8

seconds, or 4500 feet, prior to missile impact. The miss distance increases with
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increased target g loading. The maximum miss distance of 2600 feet is

achieved with a 6.0 g maneuver.

Clearly, the maximum miss distance and optimal time to maneuver depends

on the evasion maneuver used. In general, it is recommended that a maximum

g evasion maneuver be initiated when the missile is between 1.0 and 1.5 miles

prior to impact.

B. RECOMMENDATIONS FOR FURTHER STUDY

The simulations. developed in this thesis provide a very good generic model

which can be easily modified for more complex' missile systems. The programs

are easily adjusted for systems with different system time constants and

navigation ratios.

Thie problems associated with measurement noise and seeker head

measurement errors might be investigated to see their role in miss distance

evaluation.

It is also recommended that target Electronic Counter Measures (ECM) be

added to the simulation of the evasion maneuvers to see their effects on miss

distance'.
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APPENDIX A-THREE DIMENSIONAL PROGRAM

clear
clg

% LT Francis C. Lukenbill, USN
% 08 August 1990
% This program. simulates a 3 dimensional target/missile
% engagement scenario using classical proportional navigation.

% DEFINE STATES

% Missile

% ms=[xm missile x coordinate
% xdm - missile velocity-x direction
% ym - missile y coordinate
% ydm - missile velocity-y direction

% zm - missile z coordinate
% zdm missile velocity-z direction]
%

AM=[0 10000
000000
000100
000000
000001
00 000 01;

BM=[000
100
000,
010
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000

001];

% Seeker Head

% beta=[beta pitch seeker head pitch angle
% tbetad pitch - seeker head pitch angle rate
% beta yaw -seeker head yaw angle

% betad yaw - seeker head yaw angle rate]

AS=[ 0 1 0 0
-100-20 0 0

0O0 0 1

0 0-100-201;

BS=[ o 0
100 0
00

0 100];
%

% Autopilot
%
%' gammadmfgammadm pitch - pitch body angle rate

% gammadm yaw -yaw body angle rate]
%

Ai=L-I1' 0
0 -1];

BP=r1o0
0 1];

% Target

% t.%=[xt - t--t x coordinate
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% xdt - target velocity-x direction
% yt - target y coordinate
% ydt - target velocity-y direction
% zt - target z coordinate

% zdt - target velocity-z direction]

AT=[0 1 0 0 0
000000
000100
G000000

000001
0 0 0 0 00];

BT=[O0 00
100
000
010
000
00 1];

DISCRETE REPREENTATION

dt=.01;

(phisdels]= c2d(ASBSdt);

[phimdelmj= c2d(AM,BM,dt);
[phia,dela]= c2d(APBPdt);
[phit,delt]= c2d(ATBTd:);

tfinal= 15.0;,
kmax--tfinal/dt +1;

% InTIALIZE VARIABLES
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% navigation ratio

nr=4.0-
NR=(nr 0

0 ur];

% initial seeker head angles and angle rates

beta..pitch0 4O.0;
betad-LpitchOO0.0;
beta-.yaw0 =0.&;
betad-.yawO =0.0;

beta(:,l )=(beta-pitch0
betadc.pitch0
beta..yawO
betad-yaw0 1;

% initial missile body anigle rates

gammnadmj'itch0=0.0;
gpmna4m...yawO =0.0-.

g.-nimadin(:,1 )=[gamznadm..pitch0
~~ gammnadm4&aw0

*initial missile states

x knlO=3000.0-

Zino =0.01;

zdnO'OgA
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ms(:,1)=[IxmO
xdmO

ydinO

zdm~];

% initial target states

xtO =30000.0;

xdD=0.0,
yto O-,

ydtD= 1000.0;
ztO =500.0.
zdtD=.0,

tsg:,1)=-[XtO
xdtO

ydtO
ztO
zdtO];

%initial range infonnation

rxO=(xtD-xmD);-

**ytD-yrmO);
ry(1)=Y&.

rzo(1)=zfo)

rmi=sqrt(xcnO2 + ymO'12 + =0012);
rnn(1)=nTO.
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rtO=sqrt(xttIA2 + ytO'A2 + ztO#A2);
rt(1)=rtO;I
10 =sqrt((xtO-xmO)A2 + (ytO-ymO)A2 + (ztO-zmiO)A2);

% 'initial timne

time(1 )=O.0-,

% SIMULATE THE SYSTEM

for (i=lkjmx-l1)

% calculate missile and target speeds

vm(i)=sqrt(rns(2,i)A2 + ms(4,i)A2 + n,.s(6,i)A.2);
vt(i)=sqrt(ts(2,i)A2 + ts(4,i)A2 + ts(6,i)'A2);

% calculate line-of-sight angles

sigma.pitch(i)=atan2((ts(5,i)-ms(5,i)),sqrt((*I(1,)-rms(I j))A2...

sina..yaw(i)=atan2((ts(3,i)-ms(3,i)),(abs(ts(1,i)-ms(l ,)))i,;

sigma-yaw(i) J

% calculate midssile and targe. line-of-sight angles

sigmazn..pitch(i)=atan2(ms(5,i),sqrt(ms(1i)A2 + nis(3,i)A2));
signmam..yaw(i) =a*an2(ms(3,i),ms(l1 i));
sigrmatjitch(i)=atan2Qts(5,i),sq~t~s( 1 ,)A2 + ts(3,i)A2));
sigmat.yaw(i) =:atan2(ts(3,i),ts(1 ,));

88



update seeker head states

beta(:,i+1)=phis*beta(:.i) + dels*sigrra(:,i);

% set Lp seeker head angle rate vector

betad(:,i)=(beta(2i)

*% calculaemsileand trget flight path a.ijes

gammram..pitch(i)--=azan.(ms(6,i)Asrtms(2,i)A. + a"
gammnizamyaw(i) n(s4is2i)
gammaz-pi~ch(i)=azan2Qts(6,i),srt(ts(2iy-2 ts(4.i))
gatr~matyaw(i) =ataz'2(ts(4,i)-tsg2,));

% update autopilot states

gammadrn(:i+ 1)=phiL~gamnur-.1r, Ad''r~I*NR~beiad(:,i);

% cornut miaivelor\ ibt RZ (piz&c.ii ph=n (R'=Rxy)

% limit pitch Acceicration to apixivuc:,y 20 g's

if (abs(vn~pitch(i)*gannurdm( 1 ,i))<=644.0)
an-jt..ih(i)=vrnjiitch(i)Ogaznmadm(1 i);

else
rn-.pitch(i)=644.O*sign(vtnl4,itcIQi)*gamnadm( I,i));

end
else
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vm-.jitch(i)=O.0-

end mpthi=.-

% calculate missile pitch :cceleration vector components

am...pitch...xi(i)=abs(am...pitch(i)*sin(sigma...pitch(i)));
xddm-..pitch(i) =-an-.pich..xy(i)*cos(sigma-yaw(i));

% compute inissile velocity in the XY (yaw) plane

if ((sigpi.am, -.yaw(i) - signw...yaw(i))-=O.O)
vnx.yaw(i)=abs(vm(i)*cos(gaimnmam.pitch(i)));

% limit yaw accelerzion to approximately 20 g's

if(abs(vm-yaw(i)*gammadnm(24))<=644.O)
am.4yaw(i)=vmýawi)*gammadmn(2,);

else
anjyaw(i>44".O*sign(vm,.yaw(i)*ga=nmam(2,i));

end
else

vm-yaw(i)=O.Ok

end

% calculate missile yaw acceleration vector components
%

xddm..ya-'v(i)=-am-yaw(i)*sin(sigma..yaw(i));
yddm..yaw(i)=- am..yaw(i)*cos(sigma. yaw(i));

% compute overall missile acceleration components
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xddm(i)--xddm..pitch(i) + xddm..yaw(i);
yddm(i)=yddm..-pitch(i) + yddm-yaw(i);
zddrn,(i)=zddm...pitch(i);

% compute total missile acceleration magnitude

am(i)--sqrt(xddzn(i)A2 + yddm(i)A2 + zddm(i)A2);

% generate missile input vector

um-=[xddmn(i)
yddmn(i)
zddmn(i)];

% uW-Atz missile states

ms(:jiý.1.i=im*ms(:,i) + CIe6fl*um;

% set Itarget &:toeration components

ilf (r(i)<=:.O)
xddt(i)=-6.5*32.2-Isin(gaznumayaw(i));
yddt(i)= 6.5032.2cos(gammat.yaw(i));
zddt(i)=0.0

else
xddt(i)=-O.0;
yddt(i)=O.0;
zddt(i)=O.0;

end

% compute target acceleration magnitude
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at(i)=sqrt(xddt(i)A2 + yddt(i)A2 + zddi(i)A2);

% generate target input vector

ut--[xddt(i)
yddt(i)

WON~i);

% update target states

ts(:,i+l)=phit*ts(:,i) + delt*ut;

% calculate tint to go

- vm...pch(i)*cos(gamtmm....pitch(i)-sigma...pitch(i));
ttg(i)=r(i)/(-rdot(i));

% calculate updated range information

r(i+1 )=ýsqr(ts(1 ,+1)-ms,(1 ,+l1)yA2 + (ts(3jt+1)-ms(3,i+1)y2...
+ (ts(5i+1)-msg5j+l))A2);,

rm(i+l)=sqrt(zns(1,i-#.)A2 + ms(3,i+1)A2 + ms(5,i+1)A2);
rt(i4l)=sqrt(ts(1 j+1I)A2 +4 ts(3i+l)A2 + ts(5,i+1)A2);
rx(i+l)=(ts(1,i+l) - ms(1,i+1));
ry(i+1)=tS3,i+1) - ms(3i+l));
rz(i+l)=Qts(5,i+l) - ms(54+ 1));

% Set Up missile and target trajectory data for plotting in 3-D

misMIle(i,:>4[ms(1ij) msg3,) ms(5,i)];
target(i,:) =[ts(1Ij) ts(3,i) ts(5,i)];*
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% update time vector

time(i+1)=tidme(i) + dt;

% check to see it engagement is at closest point of approach

if(r(i).<r(i+l1)),break~end
end;

% PLOT RESULTS

% time togo

plot(r(1 :i- 1),ttg(1 :i-:1)),grid~xabelCR mge - FEET),
ylabel(Trimfe-to-go - SECONDS');titleCRANGE vs TIME TO GO');
pause~cig

% range data

plot(timewr),gridixlabel(CTUIM),ylabel('FEET)
titde(RANGE VS TIME')
pausc,clg

* missile and target velocity information

plot(dtim(1:i),vm),grid~xlabelCTIME'),ylabel(FEET/SEC')
titieCmssILE VELOCITY vs TIME');
pause~clg
plot(dme(, 1 i),vt),,grid~xlabel(TIMAE),ylabel(FETM/SEC')
tideCTARGET VELOCITY VS TME);
pause,clg

% missile and target acceleration information
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plot(tim. e(1 :i- 1),am(l1 i*-1)),grid~xlabe1("TIME),ylabeIlFETf5IECAT,)
title('MISSILE ACCELERATION VS TIME');
pause,clg

pl~ttlm~l ),at),grid~xlabelTIME'f),ylabel('FEET/SECA2')
titleC'TARGET ACCELERATION VS TIME');
pause~clg

% flight path angles

plot(time(1 :i),gammmarnpitch),grid,xlabelCTIME),ylabel(RADIANS')
title('MSL PITCH FLIGHT PATH ANGLE VS TME');
pause~cig
plot(time( 1:i),gamxnam...yaw),gridyxlabelCTIME),ylabel('RADIANS')
titleCMSL YAW FLIGHT PATH ANGLE VS TME);
pausecicg
plot(dme(1 :i-1),ganimadmi(1,(1 :i-
1))),grid,xlabel("rME'),ylabel('RADL4ANSISEC')
ttlde('MSL PITCH FLIGHT PATH ANGLE RATE VS TME');
pause-cig
plot(time(1 :i- 1),garnunadm(2Z(1 :i-
1 ))),grid~xlabelCTlME')ylabel(R.ADIANS/SEC')
titlc('ML YAW FLIGHT PATH'ANGLE RATE VS TIBME);
pams,clg

% seeker head angle information

plot(time(1 :i- 1),beta(l1,(1 :i- l))),gidxakbelCTMIME)ylabel('RADIANS')
titleCSEEKER HEAD PITCH ANGLE VS TIME');

titleCSEEIKER HEAD PITCH ANGLE RATE VS TIME);
pausesilg
'plot(time 1:i- 1 )beta(3,( 1:i- 1))),grid,xlabel('TIME),ylabel('RADLANSI)
titleCSEEKER HEAD YAW ANGLE VS TIME');
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pause,clg
plot(time(1 :i- 1),beta(4,(1 :i- 1))),grid~xabel(ITNIME),ylabel('RADIAkNS/SEC')
titleC'SEER HEAD YAW ANGLE RATE VS TIME');
pauso,clg
end;
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APPENDIX B-FORWARD TIME AND ADJOINT PROGRAMS

"% Lukenbill, F. C. 20 November 1990
"% This program simulates the forward time and adjoint models with a
% step acceleration evasion maneuver.
%

% Initialize Variables
%

tm=l.0;
tsh=O.1;

b=2*(I/tsh);
c=(I/tsh)*(I/tsh);
N=4.0-,
Vc=2500,
Tf=6.0;
ki=l/(Vc*TO;
HE=0.0*pi/180;
Vm=?200.0;
VmHB.=Vm*sin(BE);
Atgt=f257.6;;

% Input State Matricies

A=[O 1 0 0 0 0 0 0 -VmIE
0 0 1 0 0 0 0 0
0 0 -a 0 a*N* c 0 0 0 0
0 0 0 0 1 0 0 0 0
-c*ki 0 0 -c -b c*ki 0 0 0
0 0 0 0 0 0 1 0 0
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0 o 0 0 0 0 0 Atgt 0
o 0 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0];

B=[0
0
0
0.
0
0

.0

C=[- 0 0 00 10 0 0];

% Input T"iming Information

dt41.01;
kfmax=IT/dt+1;

% Set up impulse function

impulse--zeros( 1 ,knax);
'impulse(l)=1/dt;

% Initialize vectors

x--zeros( ',kmax);
y-zeros(1 ,kmax);

*time-zeros(1,kmax);

% Simulate the System (Forward 7"ime SolUti n)'
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for 0(I=PjkInx- 1)

A=o 1 01 0 0 0 0 0 0Vd-

o 0 0 0 1 0 0 0 0

0ck 0 -a0 -c *V 0bck 0 0 0

o 0 0 0 0 0 1 0 0
ocI 0 0 0C 0b 0* 0 At0 0
0 0 0 0 0 0 0 0 0

o 0 0 0 0 0 0 0Ag 0]
[0 0 d0D 0 0 0 0(A,0dt0

0(,i1 0 0bfdx:i 0 D 0d0i 0u0se0i;
y(:,ifwdl) =c~(,Bd)

tim(ij+l )=timed(ý) + dt INAipus~

end;

*Plot Results

plot(tmne(l:i),y(1,(1:i)));title('Fcfward T~ime - 8 g Step Acceleration');,

xlabel(Trime-);,ylabel('y miss');grid-,pause;

*Reintialize variables and vectors

dt=0.01;
kinaxITf/dt+l;
impulse--zeros(ljkzna);
impulse(l)=-l/dt;
x =zos(9,kma);
y=zeros(I1 ,kax);
time-zeros( 1 ,knax);
time(1)=dt;
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% Simulate the System (Adjoint Solution)

for (i--1:kmax- 1)
kI=1/(Vc*(tiiue(i)));

Aj[O 1 0 0 0 0 0 0 -VmTHE

0 0 A 0 0 0. 0 0 0
o 0 -a 0Oa*N*VcO0 0 3 0
0 0 0' 0 1 0 0 0 0
-*kj '0 0 -c, -b c*ki 0 0 0

0 0 0 0 0 0 1 0 0
o o 0 0 0 0 0 Atgt 0
o o 0 0 0 0 0 0 0
o 0 0 0 0 0 0 0 0];
[Phiadj,Deladjl=c2d(A',C',dt);

x(:,i+l) = Phiadj*x(:,i) + Deladj*impulse(i);
y(:,i+l) = B*(,~)
time(i+1 )=time(i)+dt,,

end;

96)

% Plot Results

plot(time(l:i),y(1,(1l:i)));title('Adjoint - 8 g Srtp Acceleration');
xlabel(7ime');,ylabel('y mniss'I);grid;pause;
end:
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* Lukenbil1, F. C. 20 November 1990
* This program simulates the fc~rward timc'and adjoint models with a
% Barrel Roli maneuver.

% Initialize Vreriables

tm=1.0;
tsh=0.1;
a7- 1Itm;
b--2*(1/tsh);
c=(1/tsh)*(1/tsh);
N=4.0;
Vc=-2500;

ki=!/(Vc*Tf);
HE~u.O*piI1 80;
Vm=i-2000.0;
VrnHE--Vm*sin(HE);
Atgt-1 931.2;
wt=1I.0;
V4 =wt~wt;
ATGT--wt*(Atgt*Atgt)/Tf;,

% Input State Matricies

A% 0 0 0 -mE
A= 0 1 0 -0 0 0 0 0 'VB 0 0

o 0 -a 0 a*N*VcO0 0 0 0 0 0'
0 0 0 U 1 0 0 0 0 0 0

.-c*ki 0 0 -C -L c*ki 0 0. 0 0 0
0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0
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0 0 0 0 0 0 0 .0 0 0 0
o o 0 0 0 0 0 0 0 C 0
0 0 0 0 0 0 0 0 0 0 1
o. 0 0 0 0 0 0 ATGTO0 -W 0];

B=0
0-
0
0

*0

0.

0];

C-4-1 00 0 0 1 0 0 0 0 0);

% Input Timing Idnfomwion

* dt=0.01;
kmax=Tf/dt+l;

% Set up impulse function

impulse-=zros(1,kmax);
iznpuse(1)=1/dt;

% Initialize vectors

x_-zeros( 1 kmax);
y--zeros(1 ,niax);
timCezerOsOj ,kwa);
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% Simulate the System (Forward Time Solution)

for (i= Ikznax- 1)

A=[ 0 1 0 0 0 0 0 0 -VmHEO 0

0 0 1. 0 0 '0 0 0 0 0 0

o 0 -a .0a*N*Vc 0 0 0 0 0 0

0 0 0 0 1 0 0 0 0 0 '0

-c*ki 0 0 -C -b c*kI 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0

o 0 0 0 0 0 0 0 0 1 0

o 0 0 0 1 0r 0 0 0 0 0

o 0 0. 0 0 0 0 0 0 0 0

o 0 0. 0 0. 0 0 0 0 0 1

0 0 0 0 0 0 0 ATOTO0 -W 0];

[Phifvd Delfwd]=c2d(A,B,dt);
x(:,i+1) =Phifwd~x(:,i) + Delfwd'impulse,(i);

y(:,i+l) =~(jl)

timO(i+l)=tiMC(i)+,dt;
end;
y(i)

% Plot Results

plot(tirne(l:i),y(1(l~i)));tie('FoEward.Time - 6 g Barrel Roll');

xlabiel(TinW');,ylabeI~y rniss');grid;pause;

% Reinitialize variables andi vectors

dt=0.0l;
kmax=Tf/dt+l;

impulse(1)=l/dt;
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x-zeros(l ljkmax);
y=zeros(1 ,max);
time=zeros(1 ,max);
time(l1)=dt;

% Sirn'late the System (Adjoint Solution)

for (i= Ikmax-l1)
ki=I I(Vc*(time(i)));

A=[ 0 1 0 0 0 0 0 0 -VmHEO0 0
0 0 1 0 0 0 0 0 0 0 0
0 0 -a 0 a*N*VcO0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0

-ckid 0 0 -C -b ckId 0 0 0 0 .0
o 0 0 0 0 0 '1 0 0 0 0

0 o 0 0 0 0 0 0 0 1 0
o o 0 .0 0 0 0, 0 0 0 0
o 0 0 0 0 0 0 0 0 0 0
0 o '0 0 0 0 0 0 0 0 1
o0 o 0 0 0 0 0 ATGTO0 -W 0];

[P~adj,Dldj]=-c2d(AXC',dt);
x(:,i+l) =Phiadj~x(:,i) + DeladjTlpulse(i);
y(:,i+l) =*x:~)

time(i+l)=fimc(i).dt;
end;

y(i)

% Plot Results

plot(time(1 :i),y(l ,(l :i)));tihle(Adjoint - 6 g Baffel Roll');
xlabeI("rime');,ylabel~y miss');grid;pause;,
end;
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"% Lukenbill, F. C. 21 November 1990
"% This program simulates the forward time and Adjoint models with a

% Spilt 'S' maneuver

* Intialie Variables

a--tm;
b=2*( 1 sh);

cz( 1 /sh)*( I/tsh);
N=4.0-,
Vc=2500-
ITh6;
ki=l/(Vc*Tf);
HE=0.0*pVIl80-
Vm=-2000.0;
VdMHE=Vm~sin(BE);
Atgt-l 93.2;

al =piA2/LA2;
&2pi*16*AtgtA2/(L*piA2fl'f);

&4=&2-

%* Initiaize State Maaricics

A=[ 0 1 0 0 0. 0 0, 0 -VmHE 0 000 J

0 0' 1 0 0 0 0 0 0 0 000
0 0 -2 0Oa*N*Vc 0 0 0 0 a 000.
0 0 0 0 1. 0 0 0 0 0 000

0cJ 0 -C -b ckId 0 0 0 .0 000

0. 0. 0 0 0 0. 1 0 0 0 ~000
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o 0 0 0 0 0 0 0 0 1 010
0 0 0 0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 0 0 0 100
0 0 0 0 0 0 0 P2 0 -al 000
0 0 0 0 0 0 0 0 0 0 001
0 0 0 0 0 0 0 a4 0 0 0 -a3 0];

B=[0
0
0
0
0
0
0
1

1
0
0
0

01;

C=[0-1 0 0,0 0 1 0 0 0 0 0 01;

% Input Tuning Information

dt=0.01;
kmtax=Tf/dt+ 1;

% Set up impulse function-

impulse=zeros(I ,kmax);
impulse(l )-1/dt;
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% Initialize vectors

x=zeros(1 3,-nax);
y=zeros( ,kmnax);
timevzeros(l mnax);

% Simulate the System (Forward Time Solution)

for (i=-1"kmax- 1)

A=[ 0 1 0 0 0 0 0 0 -VmHE 0 000
0 0 1 0 0 0 0 0 0 0 000
0 0 -a 0 a*N*Vc 0 0 0 0 0 000
0 0 0 0 1 0 0 0 0 0 000

-c*ki 0 0 -c -b c*ki 0 0 0 0 000
0 0 0 0 0 0 1 0 0 0 000
0 0 0 0 0 0 0 0 0 1 010
0 0 0 0 0 0 0 0 0 0 000
0 0, 0 0 0 0 0 0 0 0 000
0 0 0 0 0 0 0 0 0 0 100
0 0 0 0 0 0 0 a2 0 -al 000
0 0 0 0 0 0 0 0 0 0 001
0 0 0 0 0 0 0 a4 0 0 0-a3 0];

[PhifwdDelfwd]=c2d(A,B,dt);
x(:,i+l) = Phifwd*x(:,i) + Delfwd*impulse(i);
y(:,i+1) =C*x(:+l);

time(i+l)=time(i)+dt;
end;

y(i)
%

% Plot Results

plot(time(l :i),y(1,(l.'i)));dtle(Forward Time 6 g Split $');
xlabel(7Time');,ylabel('y miss');grid;pause;
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% Reinitialize variables and vectors

dt=0.01;
kinax=Tf/dt+ 1;
impulse--zeros(,kxnax);
impulse(l)=lI/dt;
x-=zeos(1 3,kmnax);
y=zeros(I jkmax);
time=zeros( 1 knax);
time(1)=dt;

% Simulate the System (Adjoint Solution)

for (i=l kniax- 1)
ki=lI(Vc*(dire(i)));

A=[ 0 1 0 0 0 0 0 0 -VnHEO0 000
0 0 1 0 0 0 0 0 0 0 000
0 0 -a a*N*VcO0 0 0 0 0 000
0 0 0 0 1 0 0 0 0 0 000

-ckid 0 0 -C -b c*ki 0 0 0 0 000
0 0 0 0 0 0 Al 0 0 0 000
0 0 0 0 0 0 0 0 0 1 010
0 0 0 0 0 0 0 0 0 0 000
0 0 0. 0 0 0 0 0 0 0 000
0 0. 0 .0 0 0 0 0 0 0 1100
0 '0 0 0 0 0 0 a2 0 -al. 000
0 0 0 0 0 0, 0 0 0 0 001
0 0 0 0 0 0 0 04 0 0 0 -a30Oh
[Phiadj,Deladjl=c2d(A'C,dt);

x(:,i+1) =Phiadj~x(:i) + Deladj~irnpuse(i);,
y(:,i+l) ='x:~)

dmew(i+1)=fime(i)+dt;
end;
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% Plot Results

plot(fime(I i),y(1,(1:i)));titcCAdjinift - 6 g Split S');
xiabel(Thne');,ylabel('y mniss');grid;pause;
end;
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APPENDIX C-DISSPLA PLOTTING PROGRAM

CC Lukenbill, F. C. 6/15/90

CC This code is used to generate the thre dimensional plots

CC
DIMENSION MSLX(300), MSLY(300),MSLz4300),
TGTX(300),TGTY(300),TGTZ(300)
NUM=100
DO 10 I=ljNUM
READ (10,1000) MSLX(I),MSLY(I),,MSLZ(I)
READ (11, 1000) TGTX(I),TGTY(l),TGTZ(I)

10 CONTINUE
1000 FORMAT (3(1XEEI5.7))

CALL COMPRS
CALL AREA2D(8.,8.5)
CAL.L X3NAMECX, AXIS$', 100)
CALL Y3NAMECYAXIS$', 100)
CALL Z3NAMECZ AXIS$!,100)
CALL VOLM3D(7.,7.,7.)
CALL V1EW(80000.,24=0.,200.)
CALL GRAF3D(0.,4000.,2400.,0.,4000.,2400.,0.,400.,2400.)
CALL GRFIT(0.,0.,0.,0.,1 .,O.,0.,1 .,1.)
CALL AREA2D(7.,7.)
CALL GRAkF(0.,1.,6.,0..1 .,6.)

CALL GRID(2.2)
CALL END3GR(0),
CALL GRFT(0.,0.,0.,0.,1 .,0'.,1.,1 .,0.)
CALL AREA2C,, 1.,7.)
CALL GRAF(0.,4000.,24000,0.,4000.44000.)
CALL DASH
CALL CURVE (MSLYMSLXNUM,0)

109



CALL RESIET(DASH)
CALL CURVE (TGTY,TGTX,NUM,O)
CALL GRID(2,2)
CALL END3GR(O)
CALL DASH
CALL CURV3D(MSLXMSLYIMSLXNUMO)
CALL RESETCDASH')
CALL CURV3D(TGTX,TGTY,TGTX,NUM,0)
CALL ENDPL(O)
CALL DONEPL
STOP
END
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